Abstract. Let M = M 1 * M 2 be a nontrivial tracial free product of finite von Neumann algebras. We prove that any amenable subalgebra of M that has a diffuse intersection with M 1 is in fact contained in M 1 .
Theorem. Let M = M 1 * M 2 be a nontrivial tracial free product of finite von Neumann algebras M 1 and M 2 , and let A ⊂ M be an amenable von Neumann subalgebra such that A ∩ M 1 is diffuse. Then, A ⊂ M 1 . In particular, if M 1 is diffuse and amenable, then it is maximal amenable in M.
See [BC, Ho, Le] and the references therein for more information about maximal amenable subalgebras. The result should be also compared with another work of S. Popa ([Po1] ) that if B ⊂ M 1 is a diffuse subalgebra in the above setting, then the normalizer N M (B) of B inside M is contained in M 1 . Here note that if B is amenable in addition, then the von Neumann algebra B, u generated by B and an element u ∈ N M (B) is amenable. We also mention the fascinating conjecture of J. Peterson that every diffuse amenable subalgebra in the free group factor should be contained in a unique maximal amenable subalgebra.
Recall that a finite von Neumann algebra A in B(H) is amenable if and only if there is a state ϕ on B(H) which is A-central : ϕ(ax) = ϕ(xa) for all a ∈ A and x ∈ B(H).
Lemma. Let A ⊂ B(H) be a finite amenable von Neumann subalgebra and x ∈ B(H) be such that the norm closed convex hull of {(u ⊗ū)(x ⊗x)(u ⊗ū)
The condition on x is reminiscent of singularity in [BC] . Indeed, it can be shown that a subgroup Λ ≤ Γ is singular (Definition 1.2 in [BC] ) if and only if for every g ∈ Γ \ Λ the closed convex hull of {λ(tgt −1 ) : t ∈ Λ} in B(ℓ 2 Γ) contains 0. 
Here we have used the Kittaneh-Powers-Størmer inequality (Corollary 2 in [Ki] )
For any finite (multi-)subset F of unitary elements in A, one has
Here we have used the identification of the Hilbert-Schmidt class operators and the vectors in H ⊗H. Now, the assumption implies that ϕ(x * a) = 0.
Proof of Theorem.
Since A is an amenable subalgebra of M, the tracial state on M extends to an A-central state ϕ on B(L 2 M). It suffices to show ϕ(x * A) = {0} for every x in M ⊖ M 1 . We may assume that x is of the form v 1 · · · v l for some trace zero unitary elements v j ∈ M i(j) with i(j) = i(j + 1). Since A ∩ M 1 is diffuse, it contains a unitary element u whose nonzero powers are all trace zero. Thus a := x * ux and b := u are free Haar unitary elements, and they together generate a copy of the free group factor LF 2 of rank two. This implies that {a k b −k : k ∈ N} is also a free family. It follows that
by the Akemann-Ostrand formula ( [AO] ). Hence ϕ(x * A) = {0} by the above lemma.
